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A matematikdban a minimalfeliiletek a késdbb varidcidszdmitdsnak nevezett eljaras
hatékonysaganak egyik elsé példajat adtak. A feliilet funkciondl minimalizaldsa nem csak teszetds
gorbiilt feliileteket eredményez, hanem egyben a sajtatfesziiltséggel terhelt membranhéj alakjat is
megadja. Egyes Osszetettebb, a feliilet érintdsikjabol kilépd terhek esetén az egyensulyi feliilet un.
Weingarten feliilet, amelynél a felilet minden egyes pontjdban a H atlaggorbiilet és a
K szorzatgorbiilet ugyanazon algebrai Osszefiiggést elégiti ki. Ugyanakkor jol ismert, hogy a
Weingarten feliiletek szamitisa a K szorzatgorbiilet jelenléte miatt egy er6sen nemlinearis feladat.
A doktori kutatds célja a Weingarten feliiletek tulajdonsagainak analitikus vizsgalata. Tekintve,
hogy a klasszikus minimalfeliilet eldallithaté az atlaggoérbiilet-folyam, mint geometriai parcialis
differencidlegyenlet (gPDE) stacionarius megoldasaként, célunk egy, a Weingarten feliileteket
szamitd algoritmus kidolgozasa az un. Bloore-folyam alkalmazasaval. Kiemelt kérdés a folyam
konveregncia tulajdonsagainak vizsgalata €s a tranziens allapot idejének becslése. Tekintve, hogy a
Bloore-folyam az iitkdzéses kopast leiré gPDE, az analitikus vizsgalatok és a numerikus eljarasok
fejlesztése mellett tovabbi cél a természeti formavilag és kiilonb6zd tehereloszlasi membranhéjak
alakja kozotti hasonlosagok és kiilonbségek feltarasa.

In mathematics, minimal surfaces provided one of the first examples of the effectiveness of the
theory, which later became known as the calculus of variations. Minimizing the surface area
functional not only produces beautiful curved surfaces but also provides the shape of the membrane
shell under eigenstresses. For loadings exiting the tangent plane of the surface, the equilibrium
surface is a so-called Weingarten surface, where at each point of the surface, the mean curvature H
and the Gaussian curvature K satisfy the same algebraic relation. However, it is well-known that the
calculation of Weingarten surfaces is a highly nonlinear problem due to the presence of the
Gaussian curvature K.

This PhD research aims to investigate the properties of Weingarten surfaces analytically.
Considering that the classical minimal surface can be generated as a stationary solution of the mean
curvature flow, i.e., a geometric partial differential equation (gPDE), we aim to construct an
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algorithm for computing Weingarten surfaces using the so-called Bloore flow. A distinguished
focus is the study of the flows’s convergence properties and the estimation of the transient time.
Considering that the Bloore flow is the gPDE associated with collisional abrasion, in addition to the
rigorous analysis and the development of numerical methods, we also aim to explore the
similarities and differences between the abraded forms in nature and the shape of membrane shells
under various loadings.
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Analytical investigation of Weingarten surfaces and their
applications in morphology and structural mechanics

Andras A. Sipos

1. Background

Minimal surfaces have a distinguished place in mathematics: they served as one of the first
examples of the powerful technique we call variational calculus today (Meeks III et al. 2011).
Minimizing the area functional delivers beautiful minimal surfaces (Colding & Minicotzzi 2006)
and also delivers a solution for a problem in classical mechanics. The equilibrium shape under
surface tension and fixed boundaries is also a surface with a minimal area; hence, it is a minimal
surface. Soap films between wire boundaries realize such a shape. Rigorously speaking, a minimal
surface associated with the parameter space ) € R? is characterized by

Hx)=0 Vx € Q, (1)

i.e., the mean curvature H vanishes at all surface points. In the case of generalized minimal
surfaces, the condition on the mean curvature is relaxed; in this case, for a fixed ¢ € R

H(x)=c Vx € Q, (2)
holds. For example, soap films without boundaries, i.e., soap bubbles, realize this case.

Having a shell under a quasi-static load with a normal component, finding the equilibrium
membrane surface, i.e., the shape that balances the external loads with in-surface tractions without
bending, is a more delicate problem. Recent results of the literature (Rogers et al., 2003)
demonstrate that under constant hydrostatic pressure, the membrane shape is a linear Weingarten
surface (LW surface in the sequel) that follows the following linear relationship (Weingarten 1861,
Weingarten 1863):

ci+cH(x) +c3K(x) =0 Vx € Q. 3)

Here ¢, ¢y, c3 are fixed constants, and K(x) denotes the Gaussian curvature. Note that minimal
surfaces (c; = c3 = 0) and generalized minimal surfaces (c3 = 0) are special cases of the linear
Weingarten surface.

A recent publication (Tellier et al. 2023) demonstrated that the practical case, namely constant
vertical loads on the curved surface, also leads to a linear Weingarten surface; however, in this
setting, the rules of the so-called isotropic geometry (Sachs 1990) should be followed. It means that
the values of H and K are computed based on the isotropic definition of the slope.

Although the definition of the linear Weingarten surface is straightforward, its computation is
challenging, primarily because of the presence of the Gaussian curvature K. Similarly to the
extensively studied Monge-Ampére equation (Dean & Glowinski 2003; Dean & Glowinski 2004;
Beneamou et al. 2010), the Weingarten operator is highly nonlinear, as the maximal derivatives of
the function representing the surface appear in the computation of K — regardless of the applied
parametrization of the surface.

It is known that the minimal surfaces are steady-state solutions of the mean curvature flow
(Caffarelli & Sire, 2020). In a similar fashion, linear Weingraten surfaces might be associated with
the Bloore flow, which reads



v(t,x) = ¢y + c;,H(t,x) + c3K(t, x) Vx € Q. 4)

where v(¢,x) denotes the speed in the normal direction and cy, ¢c,, c3 are fixed, positive constants.
This equation, introduced initially to explain the shape evolution of pebbles (Bloore 1977), is a
nonlinear geometric partial differential equation (gPDE). Although the Bloore equation originates
from the wish to describe collisional abrasion faithfully, it is also investigated in the mathematician
community as one of the extensions of the classical mean curvature flow.

2. Research goals

We aim to contribute to further developing the theory of Weingarten surfaces, introduce algorithms
based on the associated flows that compute those surfaces, and investigate the geometric features
along the evolution. We also plan to contribute to the practical applications of LW surfaces (Pellis
etal. 2021).

2.1 Local stability of the steady-state solutions of the unidirectional Bloore flows

Earlier studies (Sipos et al., 2011; Domokos, Gibbons, Sipos, 2014) show that shapes emerging
in abrasion with a distinguished direction, such as bedrock abraded by grains transported by a
fluvial stream, are converging to Weingarten surfaces. First, we aim to generalize earlier results
on unidirectional abrasion in two dimensions into the three-dimensional setting. We show that a
traveling wave solution must be a LW surface.

Q#1. Show that the traveling wave solution of the 3D Bloore flow, a LW surface, is locally
stable. Compare traveling wave solutions of Euclidean and isotropic geometries.

2.2 Convergence properties of the unidirectional Bloore flows

Develop and implement an algorithm that establishes the Blorre flow and, for arbitrary
(¢4, ¢q, c3) triples in eq. (4), compute the evolution until steady state. Identify the prerequisites of
convergences. (What are the appropriate boundary conditions? What are suitable initial
guesses?)

Q#2. Study the global attractivity of the traveling wave solution numerically. Compare the
evolutions in Euclidean and isotropic geometries.

For practical applications, geometric properties, especially monotonous quantities, are essential
to be monitored along the evolution. The classical 3D Bloore flow produces unexpected features
(Domokos et al. 2014); hence, tracking the geometric properties and predicting the transient time
are worthy of study.

Q#3. Describe the evolution of geometric features (e.g., number of umbilic points) of the
surface along the evolution under the unidirectional Bloore flow. Introduce a model to
estimate the time of the transient needed to find the vicinity of the steady-state solution.

2.3 Application of Weingarten surfaces in the design of membrane shells.

Considering that the Bloore flow is the gPDE associated with collisional abrasion, in addition to
the rigorous analysis and the development of numerical methods, we also aim to explore the
similarities and differences between the abraded forms in nature and the shape of membrane
shells under various loadings.



Q#4. Explore the similarities and differences between the abraded forms in nature and the
shape of membrane shells under various loadings.

Depending on the student’s interest, all questions (Q1-Q4 or a subset), would be investigated
during the four years of graduate study. Fluent English and expertise in algorithm development
(preferably in Matlab and/or C++) are essential. Background in mathematical analysis is
preferable.
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